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Evolution of density and metric perturbations in the background of high frequency oscillations of
curvature in F (R) gravity is considered. In addition to the usual Jeans-like instability new effects of
amplification of perturbations, associated with parametric resonance and antifriction phenomena,
are found.
I. INTRODUCTION
Gravity modifications at large distances have been suggested [1] for an explanation of the accelerated cosmological
expansion observed in the present-day universe. The idea is to add a non-linear function of curvature scalar, F (R),
to the standard Einstein-Hilbert action:
Agrav = −m
2
Pl
16π
∫
d4x
√−g [R+ F (R)] , (1.1)
such that the modified Einstein equations have an accelerated De Sitter-like solution in the absence of matter1. These
theories contain an additional massive scalar degree of freedom (dubbed “scalaron”) beside the usual massless, spin-2
graviton. In the first works [1] the function F (R) was taken in the form F (R) = −µ4/R, where µ is a constant
parameter with dimensions of a mass and of the same order of magnitude as the present Hubble parameter (or inverse
universe age), i.e. µ2 ∼ |Rc| ∼ 1/t2U , where tU ≈ 14 Gyr is the universe age. It was found [2], however, that in
astronomical systems with even slightly varying mass density a very strong instability would develop, resulting in
explosive solutions evidently incompatible with observations.
To cure this shortcoming further modifications of GR have been suggested [3–5], for a review see Ref. [6]. Let us
take as a guiding example the specific F (R) of Ref. [3]:
F (R) = −λRc
[
1−
(
1 +
R2
R2c
)−n]
, (1.2)
where Rc is a constant parameter with dimension of curvature and close by magnitude to the present cosmological
curvature, λ is a dimensionless constant of order unity and the power n is usually taken to be an integer (though
not necessarily so). This choice of F (R) leads to a further problem, namely the solution of the equation of motion
for the gravitational field must be singular with R→∞ in the past to produce a reasonable late-time cosmology [7].
Similarly, it has been found that systems with rising mass/energy density will evolve to a R → ∞ singularity in the
future [8]. The singularity can be avoided if one adds an extra term F (R) → F (R) − R2/(6m2) [7]. At small R
the system tends to evolve to higher values of curvature, but as |R| grows the R2-term eventually becomes dominant
and pushes the system back to lower curvatures. This results in oscillating solutions R(t), possibly with very large
amplitude. In our papers [9] we have found such oscillating solutions for the particular example of F (R) given by
Eq. (1.2) with the addition of the R2 term. The properties of different versions of F (R) are such that they induce
effective potentials for R having minimum at R equal to its GR value, R = RGR, and rising in both directions of lower
and higher R. So an oscillating behaviour of R is a generic feature of these modified gravity theories. We assume that
the form of such oscillations is arbitrary, keeping their amplitude and frequency as free parameters.
Gravitational instability in modified gravity has been considered in Refs. [10]. In our paper [11] we studied the Jeans
instability in classical and modified gravity in a background with rising energy density, assuming that the background
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1 We use natural units c = ~ = 1, and Newton’s constant is defined as GN = m
−2
Pl
. The metric signature is (+,−,−,−), the Riemann
tensor is defined as Rα
µβν
= ∂βγ
α
µν + · · · , and the Ricci tensor is Rµν = R
α
µαν .
2metric changes slowly as a function of space and time compared to the typical frequency and Compton wavelength
of the scalaron field. Here we investigate gravitational instability in a quickly oscillating curvature background. The
time evolution of first-order perturbations is governed by a fourth-order differential equation (instead of the usual
second order one), therefore new types of unstable solutions are expected, and have in fact been found.
There appear not only the usual Jeans solution with a slightly modified (reduced) length scale, but also parametric
resonance amplification of density perturbations, and an amplification of the perturbations due to the ”antifriction”
behaviour of the coefficients of odd derivatives (first and third) in the equation.
The paper is organized as follows. In Section II we give a general description of density perturbations in a quickly
oscillating background; in Section III we discuss the Jeans-like instability in modified gravity. In Section IV parametric
resonance amplification of fluctuations is studied for harmonic and spiky oscillations of the background curvature. In
Section V we investigate the effects of the antifriction induced by the change in the signs of the coefficients in front
of the odd derivatives in the equation of motion. Finally, Section VI is dedicated to the discussion of the results
and possible implications. In Appendix A we present the expressions for the metric, Christoffel symbols, Ricci and
Einstein tensors for a Schwarzschild-like isotropic and homogeneous solution in modified gravity.
II. DENSITY PERTURBATIONS OVER A QUICKLY VARYING BACKGROUND
A. Basic framework and equations
The modified Einstein field equations, derived from the action (1.1), are:
(1 + F ′R)Rµν −
1
2
(R+ F ) gµν + (gµνDαD
α −DµDν)F ′R =
8πT
(m)
µν
m2Pl
≡ T˜µν , (2.1)
where F ′R = dF/dR, Dµ is the covariant derivative and T
(m)
µν is the energy-momentum tensor of matter.
We assume that the background metric weakly deviates from the Minkowsky one, while derivatives of the metric
may be far from their GR values. In particular, R may be very much different from RGR = −T˜ . Please note that
these two conditions are only apparently contradictory; in fact R ∼ ∂2g so even if the metric is approximately the
Minkowsky one, the curvature may be very large in comparison with RGR, e.g if the frequency of the oscillations of
g and R is high, as in the case under scrutiny. We consider astronomical systems with |Rc| ≪ |R| ≪ m2. Both limits
are natural for relatively dense systems, that is denser than the average cosmological background but much less dense
than m2Plm
2. Note that m & 105 GeV, see e.g. [12]. In this limit we have
|F (R)| ≪ |R| , |F ′(R)| ≪ 1 . (2.2)
This is surely fulfilled for the model (1.2), for which at R≫ Rc:
F (R) ≈ −λRc
[
1−
(
Rc
R
)2n]
− R
2
6m2
. (2.3)
Therefore, equation (2.1) can be approximated as:
Gµν +
1
3ω2
(DµDν − gµνD2)R = T˜µν , (2.4)
where Gµν = Rµν − gµνR/2 is the Einstein tensor and
ω−2 = −3F ′′RR . (2.5)
Once written in this form, the equation is largely independent of the specific model considered except of course for
the value of ω, and provided that along the background solution ω ≃ const., or rather ω˙/ω2 ≪ 1, and that the
conditions (2.2) are fulfilled. In the example (2.3):
ω2 =
[
1
m2
+
6λn(2n+ 1)
|Rc|
(
Rc
R
)2n+2]−1
. (2.6)
Cosmological perturbations started to rise at the onset of the matter dominated epoch at redshift zeq ≃ 104 when
Req/Rc ∼ 1012. So for m = 105 GeV, which is its lower limit [12], ω may be treated as practically constant if n & 3.
For systems with energy density of about 1 g/cm3 the frequency ω would remain constant even for n ≥ 1. If ω rises
3with time, the perturbations would rise even faster than obtained below. If (2.6) is dominated by the second term in
square brackets, that is
ω2 ≈ |Rc|
6λn(2n+ 1)
(
R
Rc
)2n+2
, (2.7)
then the frequency might depend crucially on time and the approximation of constant frequency would be invalid,
although |R| ≫ |RGR| makes the second term in Eq. (2.6) smaller. This corresponds to the results shown in Ref. [9],
in which we found quickly oscillating solutions with R strongly deviating from RGR.
We consider a spherically symmetric cloud of matter with initially homogeneous energy density inside the limit
radius rm. We choose the Schwarzschild-like isotropic coordinates in which the metric takes the form
ds2 = Adt2 +B δij dx
idxj , (2.8)
where A and B are functions of space and time. The corresponding expressions for the Christoffel symbols and
Ricci tensor can be found in Appendix A. As usual the metric and the curvature tensors are expanded around their
background values at first order in infinitesimal perturbations, i.e.
A = Ab + δA ,
B = Bb + δB ,
R = Rb + δR .
(2.9)
Since Ab and Rb are quickly oscillating functions of time with possibly large amplitude (”spikes”) which were found
in our previous works and their time derivatives could be large, we shall keep terms of the second order in ∂t, such as
∂2tA, ∂tA∂tR, and so on.
As it was done previously in our paper [11], we describe the evolution of perturbations using the equation for Gtt,
the ∂i∂j-component of the equation for Gij , and the Euler and continuity equations which follow from the covariant
conservation conditions DµT
µ
j = 0 and DµT
µ
t = 0. However, in the present work we do not confine ourselves to a
static background metric, but take into account its time variation which leads to several new effects.
B. First order perturbations
The tt-component of Eq. (2.4) is:
− ∆B
B2
+
1
3ω2B
(
∆R − 3B˙R˙
2A
+
∂iB ∂iR
2B
)
= ˜̺, (2.10)
because, according to (A7) and (A14), Gtt = −A∆B/B2 and T˜tt = ˜̺A. We take the background as weakly dependent
on space coordinates but quickly oscillating with time, so that we can neglect the last term in the l.h.s. of Eq. (2.10).
The corresponding equation for perturbations takes the form:
−∆δB − 2˜̺b δB + 1
3ω2
(
∆δR − 3
2
δB˙R˙b
)
= δ ˜̺, (2.11)
where δR is [see (A6)]:
δR = ∆δA− 3δB¨ + 2∆δB + 3
2
A˙b δB˙ . (2.12)
We assume that B˙b is small in comparison with A˙b and R˙b and put Ab = Bb = 1 in denominators, see Eqs. (A17)
and (A18). Analogously we find the ∂i∂j-component of the equation for Gij :
∂i∂j
(
δA+ δB − 2δR
3ω2
)
= 0 , (2.13)
which remains unchanged with respect to Ref. [11]. The continuity equation, derived from DµT
µ
t = 0, is not changed
either:
δ ˙̺ + ̺b ∂jU
j +
3
2
̺b δB˙ = 0 , (2.14)
4while the Euler equation acquires an additional term A˙b ̺b Uj/2:
̺b δU˙j + ∂jP +
1
2
̺b ∂jδA+
1
2
A˙b ̺b Uj = 0 . (2.15)
Such term obviously vanishes in static background, therefore it had been previously neglected. Notice that despite
quick oscillations of Ab and Rb, the background energy density varies slowly with time, in agreement with the solution
found in our paper [9].
Introducing U j = −Uj = −∂jσ, P = c2sδ̺ and looking for the solution in the form ∼ exp[−ik · x], we obtain the
following system of equations for the five unknown functions of time, δA, δB, δR, δ ˜̺, and σ:
δ ˜̺= (k2 − 2˜̺b)δB − k2
3ω2
δR− R˙b
2ω2
δB˙ , (2.16a)
δR =
3
2
ω2(δA+ δB) , (2.16b)
δR = −k2(δA+ 2δB)− 3δB¨ + 3
2
A˙bδB˙ , (2.16c)
δ ˙̺˜ + ˜̺b k2σ + 3
2
˜̺b δB˙ = 0 , (2.16d)
˜̺bσ˙ − c2sδ ˜̺+ 12 ˜̺b(A˙bσ − δA) = 0 . (2.16e)
At this stage we should comment on the application of the Fourier transformation to the derivation of equa-
tions (2.16). The Fourier transform over space variables can be applied straightforwardly only if the coefficients in
these equations are space-independent. It might be so in physically interesting cases, however in our example the
metric function Ab depends explicitly upon space coordinates, in fact [see (A18)]:
Ab = 1 +
Rbr
2
6
. (2.17)
Evidently, for sufficiently small r, such that Rbr
2/6 ≪ 1, so that we can completely neglect this term, the Fourier
transformation can be safely applied. However, neglecting this term we exclude the effect of time dependent back-
ground, which leads to new forms of instability.
Nevertheless, we can take into account the effects of r-dependent terms and justify the applicability of the Fourier
transformation both in the limits of large and small r.
In the care of large r the Fourier transformation is applicable in the adiabatic case, when the background quantities
change little over one wavelength of perturbations, λ = 2π/k. Indeed, performing the Fourier transform of the
equations essentially consists in multiplying them by exp(ik · r) and integrating over d3r. If the coefficients of the
linear equations for infinitesimal perturbations do not depend upon space coordinates we come as usual to an algebraic
system of linear equations for the Fourier modes of the fluctuations. If, as is our case, some coefficients in the original
differential equations depend upon r, then we can still transform our equations taking the integral d3r exp(ik · r) not
over the whole space but in some neighbourhood of a fixed value r = r0 with radius ∆r, chosen so that the space
dependent coefficients are practically constant in such neighbourhood. To this end it is necessary that the range of
integration contain many wave lengths, i.e. k∆r≫ 1, and at the same time that ∆r be sufficiently small, so that the
r-dependent coefficients may be considered as approximately constant. Due to the largeness of k∆r, such an integral
would be close to the real Fourier transform with infinite integration limits.
This essentially allows us to treat r as a constant parameter. Our final results will of course depend on such
coordinate, in fact we will present results obtained in the two different limits kr ≫ 1 and kr ≪ 1. The former
condition is the more natural one, because the adiabatic approximation essentially implies krm ≫ 1 and most values
of r are smaller but roughly of the same order of magnitude of the limit radius rm. The latter condition holds only
near the centre of the cloud, that is for relatively small values of r; however, this may be a non negligible portion of
the total system. The case of small r is considered below, after Eq. (2.24).
Let us examine this condition more quantitatively. We demand that perturbations vary quickly compared to the
background, that is ∣∣∣∣∂rAbAb
∣∣∣∣ , ∣∣∣∣∂2rAb∂rAb
∣∣∣∣≪ k , (2.18)
which, using (2.17), implies
|Rb|r2 ≪ 1 , kr ≫ 1 . (2.19)
5Hence, choosing wavenumbers k ≫ r−1m (see discussion above) and considering |Rb|r2m ≪ 1, as is the case for dilute
enough systems, these conditions are nicely fulfilled and the Fourier expansion is reliable. The mass of the object
under scrutiny is Mtot = 4π̺br
3
m/3. We express ˜̺b as
˜̺b ≡ 8π̺b
m2Pl
=
3rg
r3m
, (2.20)
where rg = 2Mtot/m
2
Pl is the gravitational (Schwarzschild) radius of the system. Correspondingly (2.19) becomes
|Rb|˜̺b ≪ rm3rg , (2.21)
which sets an upper value for the amplitude of oscillations at which our approximations fail. Such constraint leaves
a large portion of solutions as suitable for our analysis; for instance, for a solar mass cloud with mass density 10−24
g/cm3 the ratio is rm/rg ∼ 1013.
C. Evolution equation
Based on the comments above we derive from the system of five low order equations (2.16) the fourth order equation
for the single function δB:
δ
....
B −
(
1 +
2k2
3ω2
)
R˙b
2k2
δ
...
B +
[
ω2
(
1− ˜̺b
2k2
)
+ k2(1 + c2s)−
4˜̺b
3
− A¨b − 1
k2
(
1 +
2k2
3ω2
)(
R¨b +
A˙bR˙b
4
)
− A˙
2
b
4
]
δB¨ +
+
[
−
...
Ab
2
− 1
4k2
(
1 +
2k2
3ω2
)(
2
...
Rb + A˙bR¨b + 2R˙bc
2
sk
2
)
− A¨b A˙b
4
+
A˙b
2
(
ω2
(
1− ˜̺b
2k2
)
+ k2(1 − c2s) +
2˜̺b
3
)]
δB˙ +
+
[
c2sk
2(k2 + ω2)− ˜̺bω2
2
(
1 +
4k2
3ω2
)
− 2c2s ˜̺bω2(1 + 2k23ω2
)]
δB = 0 . (2.22)
In a wide parameter range, essentially whenever (2.19) holds, the following conditions are fulfilled:
A˙2b ≪ A¨b ,
A˙bR˙b ≪ R¨b ,
A˙bA¨b ≪
...
Ab ,
A˙bR¨b ≪
...
Rb ,
(2.23)
therefore several terms in Eq. (2.22) can be neglected. Using Eq. (2.17) we obtain:
δ
....
B −
(
1 +
2k2
3ω2
)
R˙b
2k2
δ
...
B +
[
ω2
(
1− ˜̺b
2k2
)
+ k2(1 + c2s)−
4˜̺b
3
− R¨b
k2
(
1 +
2k2
3ω2
+
k2r2
6
)]
δB¨ +
+
[
−
...
Rb
2k2
(
1 +
2k2
3ω2
+
k2r2
6
)
+
R˙br
2
12
(
ω2
(
1− ˜̺b
2k2
)
+ k2(1− c2s) +
2˜̺b
3
)
− R˙bc
2
s
2
(
1 +
2k2
3ω2
)]
δB˙ +
+
[
c2sk
2(k2 + ω2)− ˜̺bω2
2
(
1 +
4k2
3ω2
)
− 2c2s ˜̺bω2(1 + 2k23ω2
)]
δB = 0 . (2.24)
Keeping both k and r in this equation looks eclectic. Nevertheless, it can be done in the adiabatic limit, as it is
discussed above. Moreover, the limit of small kr makes sense as well. The applicability of this approximation can be
justified as follows. One sees that Eq. (2.24) always contains the combination (1/k2 + r2/6), where according to the
arguments presented above, r2 is understood as an adiabatic variable, so we can use both k and r. Adiabaticity is
valid for kr≫ 1, so if we want to go to anti-adiabatic limit, we need to take the explicit Fourier transformation:
(1/6)
∫
d3r r2eikrδB(r) = −(1/6)∂2k [δB(k)] (2.25)
and to compare it to δB(k)/k2. Evidently the latter dominates at small k if δB(k) is not singular at k → 0. If δB(k)
has a power law singularity, as 1/kν, with ν . 1, then numerically the 1/k2 term also dominates. We will arrive to a
6similar conclusion working in the coordinate space, where we need to compare δB(r) r2/6 with∫
d3k
k2
e−ikrδB(k) =
∫
d3r′
|r− r′|δB(r). (2.26)
For sufficiently small r the first term is again subdominant, so Eq. (2.24) is valid in the case of small kr.
Next let us estimate the factor kr near the Jeans wavenumber k = kJ =
√˜̺b/(2c2s). We have
(r kJ)
2 =
3
2c2s
rgr
2
r3m
≪ 1 ⇒ c2s ≫ rg/rm . (2.27)
Even for a very cold gas at T = 10 K the speed of sound is about c2s ∼ T/mp ∼ 10−12, thus the above condition (2.27)
can be fulfilled for appropriate densities. On the other hand, for extremely systems such as e.g. neutron stars the
speed of sound is close to one (in units of the speed of light), and the ratio rg/rm is also much larger. However, in
such systems the background pressure is of course non vanishing, while here we study non-relativistic systems with
Pb ≈ 0, so this is already outside of the limits of validity of our assumptions.
We introduce the dimensionless time τ = ωt, and define:
δB ≡ z ,
Rb = −˜̺by ,
a =
˜̺b
k2
,
b =
k2
ω2
,
c = c2s ,
χ = kr .
(2.28)
Now we can rewrite (2.24) as the dimensionless equation:
z′′′′ +
a
2
(
1 +
2b
3
)
y′z′′′ +
[
1− a
2
(
1 +
8b
3
)
+ b(1 + c) + a
(
1 +
2b
3
+
χ2
6
)
y′′
]
z′′+
+
[
a
2
(
1 +
2b
3
+
χ2
6
)
y′′′ − aχ
2
12
(
1− a
2
(
1− 4b
3
)
+ b(1− c)
)
y′ +
a
2
(
1 +
2b
3
)
bc y′
]
z′
+
[
bc(1 + b)− ab
2
(
1 +
4b
3
)
− 2abc
(
1 +
2b
3
)]
z = 0 ,
(2.29)
where a prime denotes derivative with respect to τ .
We can further simplify the notation by introducing the following parameters:
α =
a
2
(
1 +
2b
3
)
, (2.30a)
Ω2 = 1− a
2
(
1 +
8b
3
)
+ b(1 + c) , (2.30b)
µ = b
[
c(1 + b)− a
2
(
1 +
4b
3
)
− 2ac
(
1 +
2b
3
)]
. (2.30c)
We will make no assumption on the maximum value of k, hence on the maximum value of b which could be of order
unity or even larger, but we will usually consider k & ˜̺/c2s and c2s ≪ 1, corresponding to non-relativistic sound speed
and wavenumbers at least of the order of the Jeans scale, for which GR predicts no exponential growth. This results
in a≪ 1, c≪ 1, so in numerical calculations we keep only first order terms in these parameters. For the moment, we
will put no restrictions on b and χ.
Let us rewrite (2.29) in the form convenient for qualitative and quantitative analysis:
z′′′′ + αy′z′′′ +
[
Ω2 +
(
2α+
aχ2
6
)
y′′
]
z′′ +
[(
α+
aχ2
12
)
y′′′ − aχ
2
12
(1 + b)y′
]
z′ + µz = 0 . (2.31)
Since the physically interesting quantity is the magnitude of density perturbations, we present δ̺/̺b expressed through
z ≡ δB (e.g. in the limit of small χ):
δ̺
̺b
= z
[
1 + b
a(1 + 2b/3)
− 2
]
+
1
2
z′y′ +
z′′
a(1 + 2b/3)
. (2.32)
7According to Eq. (2.20), when k is close to its Jeans value a = ˜̺b/k2 ∼ c2s and the first term in the square brackets
dominates if c2s < 1/2, which is surely the case for non-relativistic systems.
III. MODIFIED JEANS INSTABILITY
First of all, let us compare our equation (2.31) with the usual Jeans equation (remember the definition ˜̺= 8πG̺)
δ ¨̺+
(
c2sk
2 − ˜̺b
2
)
δ̺ = 0 . (3.1)
As is well known, the sign of the term c2sk
2 − ˜̺b/2 determines the stability of solutions, which are sound waves for
c2sk
2 > ˜̺b/2 and unstable modes in the opposite regime. These unstable modes appear at the Jeans scale
k2 ≤ (kGRJ )2 ≡
˜̺b
2c2s
. (3.2)
In modified gravity the condition of stability is determined by the sign of µ (2.30c). In the limit of small amplitude of
curvature oscillations or very low frequency, we can neglect y(τ) in Eq. (2.31) so that it is reduced to a simple equation
with constant coefficients which is solved by the substitution z = exp(γτ). The eigenvalue γ is thus determined by
the algebraic equation:
γ4 +Ω2γ2 + µ = 0 , (3.3)
where Ω2 is given by Eq. (2.30b). The eigenvalues γ2 solving this are:
γ2 = −Ω
2
2
±
√
Ω4
4
− µ. (3.4)
If µ < 0, then one of the roots γ2 > 0, so one of the eigenvalues is positive. It corresponds to the usual exponential
Jeans instability, though the values of the Jeans wave vector in modified gravity and in GR are different. The
magnitude of the Jeans wave number is found from the condition µ = 0, which in the case of small sound speed
(c2s ≪ 1) yields:
a =
2c(1 + b)
1 + 4b/3
. (3.5)
This is an equation quadratic with respect to the Jeans wave number kMGJ [see the definitions (2.28)]. We present an
explicit solution for large ω2 ≫ k2, ˜̺:
(kMGJ )
2 = (kGRJ )
2
[
1 +
(kGRJ )
2
3ω2
]
, (3.6)
which recovers the GR result in the limit ω →∞. For large ω, the physical eigenvalues corresponding to (3.4) are
Γ2MG = ω
2γ2 ≃

˜̺b
2
− c2sk2 +
˜̺b
2
( ˜̺b
2k2
− c2s +
k2 ˜̺b
6ω2
)
,
−ω2 − k2 + ˜̺bω2
2k2
.
(3.7)
The former value gives the usual Jeans growth, up to a small correction (the term in brackets), whereas the latter
corresponds to scalaron oscillations with frequency approximately equal to ω, as we expected since the theory possesses
an additional massive scalar mode.
Equation (3.6) shows that in modified gravity the Jeans wavenumber is larger than in GR. This corresponds to a
reduced minimum length scale associated to structure formation. The correction is typically small, but for models
in which kGRJ /ω is non negligible it could lead to significant corrections. The phenomenology of this result and its
implications for constraining models will be dealt with elsewhere.
If µ is positive, but µ < Ω4/4, both possible values of γ2 are real and negative, so γ is purely imaginary which
corresponds to acoustic oscillations. Thus these two cases of negative and positive (but not too large, see below) µ are
in a one-to-one correspondence to the usual Jeans analysis. The results of this paper generalize those of [11], where
we analyzed gravitational instability in modified gravity over a time-independent background.
8If µ is large, i.e. µ ≥ Ω4/4, there would exist a new type of unstable oscillating solution with exponentially rising
amplitude. Indeed, γ2 becomes a complex number and two of the four solutions of Eq. (3.3) for γ have positive real
parts. However, such solution is absent in the model studied here; using (2.30), we find that the condition µ ≥ Ω4/4
becomes: [
(4a+ 3c)2
9
+ 1− 2c
]
b2 −
[
a(5− 4a− 21c)
3
− 2 + 2c
]
b+
(2− a)2
4
≤ 0 . (3.8)
This equation has a real positive solution for b if and only if the coefficient [a(5 − 4a − 21c)/3 − 2 + 2c] is positive.
However, this is not fulfilled for any positive a and c. On the other hand, it is not excluded that some other modified
gravity models may possess such a kind of instability.
IV. PARAMETRIC RESONANCE
In this section we show that even for µ > 0, corresponding classically to the stable (sound-wave) regime, Eq. (2.31)
may admit unstable solutions, through a mechanism analogous to parametric resonance.
The usual textbook example of parametric resonance is the Mathieu equation (for details, see e.g. [16]):
f¨(τ) + Ω20 [1 + h cos(Ω1 + ǫ)τ ] f(τ) = 0 , (4.1)
where it is assumed that h≪ 1. If Ω1/Ω0 = 2, the solution grows exponentially, behaving approximately as:
f(τ) ∼ sin(Ω0τ + ϕ) exp(γτ) , (4.2)
with2
γ =
hΩ0
4
. (4.3)
Parametric resonance is excited for
|ǫ| < hΩ0
2
. (4.4)
There are other resonance modes, which are generated at the frequencies Ω1/Ω0 = 2/n, where n is an integer, but
they are usually noticeably weaker.
In modified gravity, we have derived the 4th order equation (2.31) governing the evolution of scalar perturbations
over an oscillating background, which enters through the function y(τ). An effect analogous to parametric resonance
appears in this situation as well. A similarity of parametric resonance in the fourth-order equation and in the classical
Mathieu equation can be seen both in the limit of high and low frequencies. In the former case one can neglect lower
order derivatives in Eq. (2.31), keeping only z′′′′, z′′′, and z′′, effectively reducing the equation to a second order one
in the variable z′′. In the case of low frequencies, on the other hand, z′′′′ and z′′′ can be neglected and we come
again to the Mathieu equation. In what follows we study the complete fourth order equation both analytically and
numerically and observe resonant amplification.
We assume that y(τ) is a periodic function describing curvature oscillations and consider two possible forms of
them:
1. purely harmonic ones (see Sec. IVA):
yharm(t) = yeq(t) + y0 cos(ω1t+ θ) , (4.5)
where yeq is the equilibrium point of the potential around which the curvature oscillates, i.e. the external energy
density in units of the initial density yeq = ̺(t)/̺0. The harmonic solution yharm was found in our paper [9]
when the amplitude of curvature oscillations is small. In this case ω1 = ω and y0 < yeq. The time variation of
yeq and y0 is much slower than the oscillations, namely y˙eq/yeq ≪ ω1 and similarly for y0.
2 The parameter γ introduced here is evidently different from the growth rate γ characterising the Jeans instability, considered in the
previous section.
92. spiky solutions found in Ref. [9] (see Sec. IVB), which, up to a slowly changing term, we approximate as
ysp(t) =
y0 d
2
d2 + sin2(ω2t+ θ)
, (4.6)
where d≪ 1, so that we have spiky solutions (narrow peaks with a large separation between them).
According to [9] we have ω2 = ω/2, where ω is given by Eqs. (2.5) and (2.6). The Fourier transform of ysp(t)
contains modes with much higher frequencies than ω2. The dominant mode, i.e. the mode with the largest
amplitude, is excited at 2ω2.
When studying the spiky solutions, and in general any non-harmonic behaviour of the background curvature, we
will have several modes with frequency at least equal to ω and possibly much larger. The overall effect can be
seen as the combination of the individual contributions from the different modes, so it is useful to keep ω1 or ω2
as a free parameter. If resonance is excited for some value of ω1,2 and some non-harmonic solution for R contains
such frequency, then we can expect resonant behaviour in the full non-harmonic case too, though perhaps slightly
suppressed.
A. Harmonic Oscillations
Let us start from harmonic oscillations, Eq. (4.5). We assume that curvature oscillates with a fixed frequency.
Indeed, this is a rather general scenario in F (R) theories, at least when the conditions (2.2) and ω˙/ω2 ≪ 1 hold.3 In
terms of dimensionless time, τ = ωt, yharm(τ) takes the form:
yharm(τ) = yeq(τ) + y0 cos(Ω1τ + θ) , (4.7)
where Ω1 = ω1/ω, y0 is the amplitude of oscillations and θ is a constant phase. This form of y physically corresponds
to an oscillating scalar curvature [see (2.28)]:
Rb(t) = −˜̺b[yeq(t) + y0 cos(ω1t+ θ)] = RGR[yeq + y0 cos(ω1t+ θ)] . (4.8)
In order for this to be physically sensible we need y0 < yeq, so that R does not change sign, but note that yeq rises
with time because the background energy density is assumed to be constantly increasing, see e.g. the second paper
in Ref. [8] and Ref. [9]. Therefore, it makes sense to explore values y0 > 1.
Eq. (2.31) is reduced to the Mathieu equation (4.1), if the terms containing odd derivatives in Eq. (2.31) can be
neglected and µ≪ 1. We can see that this is the case when α, a, b and c are all much smaller than unity. Although
this seems rather restrictive, it is actually a natural possibility as it corresponds to k ≪ ω, c2s ≪ 1 and k2 ≫ ˜̺b. In
this case the substitution z′′ = x yields:
x′′ +
[
Ω2 + 2α cos(Ω1τ)
]
x = 0 , (4.9)
If Ω1/Ω = 2, then the parametric resonance would be excited. Comparing this to Eq. (4.1), we see that the parameter
h is expressed through α as
h = 2αΩ−2 . (4.10)
1. Fundamental harmonic
Let us consider Ω1 = 1, as is the case for harmonic oscillations with small amplitude, in which the curvature
oscillates with a frequency given precisely by (2.5). Then the parametric resonance condition requires
1
4
= Ω2 ≡ 1− a
2
+ b− 4ab
3
= 1− ˜̺b
2k2
+
k2
ω2
− 4˜̺b
3ω2
, (4.11)
3 If the frequency changes with time, the resonance effect may possibly survive but with a changing frequency of the signal as well.
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where we express Ω in terms of physical quantities, according to Eqs. (2.28), (2.30a), and (2.30b) assuming c≪ 1.
Due to the similarity to the standard Mathieu equation, we are tempted to study how our full equation (2.31)
behaves when (4.11) is fulfilled. Solving for k gives
k2 =
1
24
(
16˜̺b − 9ω2 ±√81ω4 + 256˜̺2b) ≃

−3ω
2
4
2˜̺b
3
(4.12)
The former solution is of course unphysical because it leads to an imaginary4 k. The latter solution
k2 ≃ k2res ≡
2˜̺b
3
(4.13)
is physically sensible but lies outside the Jeans radius, where we have unstable modes even in GR; still, provided that
kresrm ≥ 1 so that we are still inside the cloud considered, this would result in an enhancement of structure formation
starting at the specific scale (4.13). The implications of this will be considered elsewhere.
2. Higher harmonics
As mentioned earlier, when curvature does not behave precisely as (4.7) due to anharmonic features, we will have
several modes contributing to the overall effect, and these modes will in general contain higher frequencies. Therefore,
let us now keep Ω1 as a free parameter and discuss parametric resonance in this case.
As in the standard case, we assume that Eq. (4.7) is fulfilled and insert the tentative solution
z(τ) ∼ (A cosΩτ +B sinΩτ) exp(γτ) (4.14)
into Eq. (2.31). The transformed equation would contain higher harmonics, which we neglect (as is done in the
standard case). In order to do so, we exploit the following exact relations:
2 cosx cos 2x = cosx+ cos 3x ,
2 cosx sin 2x = sinx+ sin 3x ,
2 sinx cos 2x = − sinx+ sin 3x ,
2 sinx sin 2x = cosx− cos 3x ,
(4.15)
and neglect cos 3x, sin 3x. We also take the limit γ ≪ Ω, as expected and confirmed by results (see below). We
will investigate values Ω1/Ω ≃ 2, which as we have seen above is equivalent to the classical condition for parametric
resonance.
We are left with an equation containing terms proportional to cosΩτ and sinΩτ . We demand that both coefficient
vanish simultaneously, which yields: {
(P1 + P2)A+ γ(Q1 +Q2)B = 0
γ(Q1 −Q2)A+ (P1 − P2)B = 0 ,
(4.16)
where
P1 = 24µ , Q1 = −y0Ω[8Ω2(3α+ aχ2) + (a− 6α)χ2] ,
P2 = y0Ω
2[(aχ2 − 6α(χ2 + 4Ω2))] Q2 = −48Ω3 .
(4.17)
This system admits non trivial solutions when the determinant of the associated matrix vanishes, namely when
γ2 =
P 21 − P 22
Q21 −Q22
. (4.18)
4 In inhomogeneous systems of finite size k may be imaginary, as is known for propagation in waveguides.
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The definitions (2.28, 2.30) in the limit of large ω yield the following result for the physical growth rate in the resonant
case:
Γ2res = ω
2γ2 ≃ y
2
0 ˜̺2b(6 + χ2)
576k4
[
(6 + χ2)ω2 + (14 + χ2)k2
] ≃

y20 ˜̺2bω2
16k4
(χ≪ 1) ,
y20 ˜̺2bω2χ4
576k4
(χ≫ 1) .
(4.19)
The ordinary GR eigenvalue (3.1), which at the lowest perturbation order coincides with the modified gravity (non-
resonant) solution (3.7), is
Γ2GR ≃ Γ2MG ≃
˜̺b
2
− c2sk2 . (4.20)
The resonant behaviour thus dominates for
ΓGR
Γres
< 1 ⇒ y20 >

8k4(˜̺b − 2c2sk2)˜̺2bω2 (χ≪ 1) ,
288(˜̺b − 2c2sk2)˜̺2bω2χ4 (χ≫ 1) .
(4.21)
When studying the range of scales where we would have structure growth in GR (k ≤ kJ ), the factor (˜̺b − 2c2sk2)
is positive. In the opposite region, every resonant behaviour is of course the dominant one since GR simply predicts
sound waves.
Equation (4.21) indicates that there exists a lower limit for y0 to activate parametric resonance, as it happens in
the usual case. Nevertheless, there should be no problem in finding a sufficiently large portion of the viable parameter
space in which this condition is satisfied.
3. Numerical Results
a. Small radii.
The condition χ = kr ≪ 1 corresponds to the innermost portion of the cloud, at distances from the centre shorter
than k−1. Although this is likely a small region, it may still be non-negligible, especially when studying structure
growth at relatively large scales (that is for relatively small k).
We solved Eq. (2.31) numerically for different values of y0 and Ω1. The parametric resonance excitation is observed
at the expected frequency Ω1/Ω = 2, see Fig. 1. We present the numerical solutions for z(τ) and compare them with
our analytical estimate for the amplitude of z, namely
z ∼ exp (Γrest) , (4.22)
with Γres given by (4.19).
In this paragraphs the parameters of the medium and the wave number of the fluctuations were taken to be
a = b = χ = 0.01 , c = 0.02 , (4.23)
and varying y0 and Ω1. These values were merely chosen to produce the figures showing the resonant behaviour, which
however appears for a very wide range of the parameters. On the other hand, parametric resonance is rather sensitive
to variations of y0 and of course of Ω1. In fact, the exponential growth becomes slower when we move from Ω1/Ω = 2
towards Ω1/Ω = 2.015 as one can see comparing the top and bottom panels in Fig. 1. Such sharp frequency dependence
clearly demonstrates the resonance behaviour, with the resonance half-width roughly of the order of ∼ 0.1 Ω. Such
a behaviour helps to distinguish between the parametric resonance instability and antifriction instability considered
below (Sec. V), for which the frequency dependence is very weak. We have not observed resonance at Ω1 = Ω,
expected in the Mathieu equation.
In both cases considered in Fig. 1, the agreement of numerical calculations with the analytic estimate (4.19) is
remarkable, and as good as |ΓMG/Γnum− 1| ∼ 5× 10−5 for Ω1/Ω = 2 and decreasing to about 24% for Ω1/Ω = 2.015,
which is close to the the resonance threshold.
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FIG. 1. Solution for the parameters (4.23). Left panels: Oscillations of z as a function of dimensionless time τ . Right panels:
|z(τ )| (note the logarithmic scale) and, in orange, the envelope (amplitude) of the oscillations, namely 4.22) with growth rate
given by (4.19).
Top: Parametric resonance excitation of z(τ ) for harmonic curvature oscillations with y0 = 5 and Ω1/Ω = 2 and comparison
with the predicted exponential rise. The relative difference between the exact and estimated growth rates is about 5 × 10−5.
Bottom: Results for Ω1/Ω = 2.015, other parameters unvaried. Clearly the resonant behaviour is much weaker, but the agree-
ment between the exact numerical value of Γ and the analytical estimate (orange) is still satisfactory: |Γres/Γnum − 1| ∼ 0.24.
Note that although solutions are only shown for relatively large times, the evolution of the system starts at τ = 0.
b. Large radii.
The case of large χ or r ≫ k−1 corresponds to a larger volume of the collapsing cloud. According to our assumptions,
perturbations normally vary on scales much shorter than the total size of the object rm, hence krm ≫ 1. If we take
e.g. 0.5 rm ≤ r ≤ rm, this region would occupy about 0.9 of the cloud volume, and if 0.1 rm ≤ r ≤ rm, then the
corresponding volume is 0.999 of the total volume of the cloud.
We solved Eq. (2.31) numerically, and present our results for the following parameters:
a = b = c = 0.01 , χ = 10 , y0 = 1 , (4.24)
and varying Ω1.
In Fig. 2 we show results for Ω1/Ω = 2 and Ω1/Ω = 2.075. As we move away from the resonant value of the
frequency, the agreement with our analytical estimate (4.19) decreases but remains fairly satisfactory, the relative
discrepancy being much smaller than an order of magnitude. The width of the resonance region for Ω1 is roughly
δΩ1/Ω1 ≃ 0.05. However, this depends strongly on the value of y0: for instance, for y0 = 4 the width is huge, about
δΩ1/Ω1 ≃ 1.2. The resonance leads to a much faster growth than in the case of small χ.
Of course huge values of the amplitude of oscillations, which can be easily reached numerically, do not make much
sense because the first order approximation used in deriving (2.16) are valid only if perturbations are much smaller
than unity. With an initial amplitude of fluctuations of the order of 10−4− 10−5 (as from CMB data) the results can
be trusted up to amplifications not exceeding roughly 5 orders of magnitude.
B. Spike-like oscillations
As it was found in our previous works [9], harmonic oscillations do not cover the entirety of possible solutions for
the background R(t). In fact, we have shown the possibility of narrow “spikes” of large amplitude (|R| ≫ |RGR|), see
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FIG. 2. Solution for the parameters (4.24). Left and right panels depict the same quantities as in Fig. 1. Top: Solution for
y0 = 1 and Ω1/Ω = 2 and comparison with the predicted behaviour, in orange. The relative difference between the exact and
estimated growth rates is ∼ 3× 10−2. Bottom: Results for Ω1/Ω = 2.075, other parameters unvaried. The resonant behaviour
is weaker but still rather strong, but the agreement between the exact numerical value of Γ and the analytical estimate (orange)
has decreased: |Γres/Γnum−1| ∼ 0.32. Still, our analytical estimates are well within one order of magnitude from the numerical
results.
Eq. (4.6). These spikes have time separation equal to 2π[ω(R = RGR)]
−1 and much smaller width; for instance, in
the case of the model (1.2), the width of the spikes can be as small as roughly m−1 ≤ (105 GeV)−1.
We solve numerically Eq. (2.31) using ysp as function of the dimensionless time:
ysp(τ) =
y0d
2
d2 + sin2(Ω2τ + θ)
, (4.25)
with Ω2 ≃ 1/2 in agreement with the solution of Ref. [9]. This function and its Fourier transform are presented in
Fig. 3. Note that the amplitudes of even harmonics are much larger than the amplitudes of odd ones. Moreover, the
amplitudes of odd harmonics can be negative despite the fact that the curvature y(τ) remains positive, as it should.
FIG. 3. Left panel : y(τ ) defined by Eq. (4.25) with y0 = 1, Ω2 = 0.5, and d = 0.1. Right panel : Fourier transform of y(τ ).
Fig. 4 (left panel) clearly shows parametric resonance at Ω2 = Ω/2 ≃ 0.5013 which corresponds to the second
resonant mode, see Eq. (2.30b), with the chosen values of parameters: a = b = 0.01 and c = 0.02. For these values µ
is positive and equal to 1.47 · 10−4. In the right panel z(τ) is presented for a lower frequency Ω2/Ω = 0.496. We see
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that the resonance is still excited but much weaker. The shape of the resonance curve is symmetric with respect to
the position of the resonance frequency. The sharp decrease of the oscillation amplitude shows that the resonance is
quite narrow, having width δΩ/Ω≪ 1.
FIG. 4. Parametric resonance excitation of z(τ ) for spike-like curvature oscillations with y0 = 30 and Ω2/Ω = 1/2 (left panel)
and Ω2/Ω = 0.496 (right panel).
The main mode of parametric resonance should be at Ω2/Ω = 1; it is presented in the left panel of Fig. 5. However,
it appears to be sub-dominant with respect to the mode at Ω2/Ω = 1/2 because of the suppression of the odd Fourier
amplitudes of y(τ), see Fig. 3.
In Fig. 6 the evolution of z(τ) is depicted for Ω2/Ω = 1/3 (left) and Ω2/Ω = 1/4 (right). These higher modes are
weaker as expected, and as mentioned above the Fourier amplitudes are weaker for odd modes. We see that the 4th
order equation demonstrates parametric resonance effects quite similar to the classical case (4.1), though the impact
of the odd derivatives in Eq. (2.31) may be significant and lead to quantitative modifications of the results.
FIG. 5. Parametric resonance excitation of z(τ ) for spike-like curvature oscillations with y0 = 30 and Ω2/Ω = 1 (left panel)
and Ω2/Ω = 0.992 (right panel).
FIG. 6. Parametric resonance excitation of z(τ ) for spike-like curvature oscillations with y0 = 30 and Ω2/Ω = 1/3 (left panel)
and Ω2/Ω = 1/4 (right panel).
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V. ANTIFRICTION AMPLIFICATION
Antifriction amplification of perturbations is induced by the change in the signs of the coefficients in front of the odd
derivatives in the 4th order equation. If they become negative (and they do), then instead of damping the oscillations
they would lead to their enhancement, as can be easily seen solving the oscillator equation:
z¨ + Γz˙ + ω2z = 0 (5.1)
with Γ < 0. We see below that for sufficiently large α (2.30a) and/or χ (2.28) the fourth order equation (2.29) has
indeed strongly rising solutions.
A. Harmonic curvature oscillations
1. Large amplitude: analytic solution
In section III we considered the case of small amplitude of the oscillating background and saw that equation (2.31)
can be solved analytically. It is interesting that this equation can be also solved analytically in the opposite limit of
large amplitude of oscillations, but with small c and χ. In this case Eq. (2.31) becomes
z′′′′ + αy′z′′′ + 2αz′′y′′ + αz′y′′′ = z′′′′ + α(z′y′)′′ = 0 . (5.2)
The equation is easily integrated:
z′′ + αz′y′ = C1 + C2τ , (5.3)
leading to the solution:
z′ = C0 e
−αy(τ) + C1 e
−αy(τ)
∫ τ
0
dτ1 e
αy(τ1) + C2 e
−αy(τ)
∫ τ
0
dτ1τ1e
αy(τ1) , (5.4)
or equivalently
z = z0 +
∫ τ
dτ1
[
C0 e
−αy(τ1) + eαy(τ1)
∫ τ1
dτ2 (C1 + C2τ2) e
αy(τ2)
]
. (5.5)
We take for definiteness y(τ) = y0 cos(Ω1τ). From the expression (5.4) it is clear that the derivative z
′ is small
when αy < 0, while z′ is positive and large for αy > 0, so the function z remains constant or grows in the first and
in the second case respectively.
This behaviour is shown in Figs. 7, 8. The amplification of z(τ) takes place independently of the frequency of the
background curvature oscillations ω1. This can be explained by the change of the sign of the coefficients in front of the
odd derivatives in Eqs. (2.31) and (5.2) for large y0. When these coefficients are positive they act as a friction force but
when they are negative they act as antifriction. Such effect is showed numerically below for the full equation (2.31).
FIG. 7. The function z(τ ) (right panel) and its derivative z′(τ ) (left panel), as given by Eq. (5.4) for C0 = 1, C1 = C2 = 0,
y(τ ) = y0 cos(τ ), and αy0 = 2.
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FIG. 8. The function z(τ ) (right panel) and its derivative z′(τ ) (left panel), as given by Eq. (5.4) for C2 = 1, C0 = C1 = 0,
y(τ ) = y0 cos(τ ), and αy0 = 2.
2. Numerical solutions
a. Small radii
Here we solve eq. (2.31) numerically for the ad-hoc chosen parameters a = 0.01, b = 0.01, c = 0.02, χ = 0.01, for
different values of y0 and Ω1. The antifriction amplification is observed at the frequencies away from the resonance
values, if y0 exceeds a threshold value, yth. The farther away the frequency is from the resonance, the larger the
threshold. For example for ω1 = 3.2 the threshold value is yth = 169, while for ω1 = 4.4 the threshold is yth = 267.
The evolution of z(τ) in these two cases is depicted in Fig. 9.
FIG. 9. Antifriction effect in the evolution of z(τ ) for harmonic curvature oscillations with y0 = 169, Ω1/Ω = 3.2 (left panel)
and y0 = 267, Ω2/Ω = 4.4 (right panel). Small radii: χ = 0.01.
b. Large radii.
A large χ leads to an antifriction instability more efficiently, because the term proportional to χ2 enters only into the
coefficients in front of the first derivative, z′, and there is no destructive interference of the first and third derivative
terms, which in the general case may have opposite signs and act in opposite directions.
In Fig. 10 we present an example of antifiriction behaviour in systems with harmonic curvature oscillations for the
same values of parameters a = 0.01, b = 0.01, c = 0.02 and frequencies as in the case of small radii, except for the
value of χ. We take χ = 10 and again observe the threshold behaviour, but for the frequency Ω1 = 3.2 the threshold
amplitude is yth = 10, whereas for Ω1 = 4.4 the threshold amplitude yth = 11.
B. Spike-like curvature oscillations: numerical solutions
1. Small radii
We present here the numerical solution of Eq. (2.31) for spike-like excitations (4.6) with different frequencies Ω2
and amplitudes y0. We see that for all frequencies, not only the resonant ones, the solutions are unstable, provided
that y0 is larger than some threshold value which depends on the frequency. We attribute this phenomenon to a
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FIG. 10. Antifriction effect in the evolution of z(τ ) for harmonic curvature oscillations with y0 = 10, Ω1/Ω = 3.2 (left panel)
and y0 = 11, Ω2/Ω = 4.4 (right panel). Large radii: χ = 10.
change of the sign of coefficients in front of the odd derivatives in Eq. (2.31). In a sense this result is similar to that
described in the previous subsection for harmonic y(τ), though quantitatively different, both in magnitude and in the
shape of the signal. The latter may be explained by the different form of y(τ), by different initial conditions, or by
other effects induced by a non-zero µ neglected in Eq. (5.2).
In Fig. 11 we present the evolution of z(τ) for out-of-resonance frequencies Ω2/Ω = 0.6, 0.7. The farther away
the frequency is from the resonant one, approximately equal to 0.5, the larger the threshold value of y0 necessary for
generating an unstable solution. The magnitudes of y0 taken in these figures are quite close to the threshold values,
y0 = 400 for Ω2/Ω = 0.6 and y0 = 702 for Ω2/Ω = 0.7. Note that the threshold value of y0 at the resonance with
Ω2/Ω ≈ 0.5 is about 15. This threshold effect is also present in the standard parametric resonance phenomenon, if
friction is non negligible [16].
FIG. 11. Antifriction effect in the evolution of z(τ ) for spike-like curvature oscillations with y0 = 400, Ω2/Ω = 0.6 (left panel)
and with y0 = 702, Ω2/Ω = 0.7 (right panel).
In Fig. 12 the evolution of y(τ) is depicted for higher frequencies Ω2/Ω = 0.8 (left panel) and Ω2/Ω = 0.9 (right
panel) with y0 = 1280 and y0 = 372 respectively. The higher frequency Ω2/Ω = 0.9 is closer to the resonant one
Ω2 ≈ Ω, so the threshold value of y0 is smaller.
2. Large radii
The results of numerical calculations are presented in Fig. 13. The instability is very clearly seen, but the character
of the two kinds of instability for different values of the parameters, depicted in the left and right panels are very
much different. In the first case we observe oscillations with quickly increasing amplitude, while in the second case
there is an explosive, practically monotonic rise.
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FIG. 12. Antifriction effect in the evolution of z(τ ) for spike-like curvature oscillations with y0 = 1280, Ω2/Ω = 0.8 (left panel)
and y0 = 372, Ω2/Ω = 0.9 (right panel).
FIG. 13. Antifriction effect in the evolution of z(τ ) for spike-like curvature oscillations with y0 = 14, Ω1/Ω = 0.4 (left panel)
and y0 = 9, Ω2/Ω = 0.6 (right panel). Large radii: χ = 10.
VI. DISCUSSION AND CONCLUSIONS
A general feature of F (R) modified gravity are high frequency oscillations of curvature and metric in contracting
matter systems such as a gas cloud of interstellar or intergalactic matter in the process of star or galaxy formation.
A similar effect might take place in the process of stellar collapse, e.g. before a supernova explosion and subsequent
formation of neutron star or black hole. As we have shown in this work, the evolution of metric and density per-
turbations in an oscillating gravitational background possesses new and very interesting features in addition to the
usual exponential Jeans instability, which itself occurs at a different scale than in GR. The oscillating background
metric and curvature of the system induce an effect analogous to the standard parametric resonance, resulting in
an amplification of the fluctuations. There is a quantitative difference with respect to the standard case because
the usual parametric resonance is described by a second order differential equation, while in modified gravity the
equation (2.22), which governs the evolution of fluctuations, is fourth order. We study here a rather general equation
without restrictions to any specific F (R)-theory. Still, we used as a guiding example the model described by the
action (1.2) but did not confine ourselves to specific values of the parameters demanded by this model. We used a
similar approach concerning the form of the oscillating metric and curvature background, considering the two cases
of arbitrary harmonic oscillations and spike-like solutions of the type found in our previous work [9]. In both cases
the evolution of perturbations is described by a fourth order equation, in which odd derivatives may play a crucial
role. They describe the damping due to friction if their coefficients are positive (this is the usual case in the standard
parametric resonance theory). However, such coefficients may periodically change sign and this leads to a periodic
antifriction force and to a consequent amplification of perturbations. The latter effect occurs at rather high amplitude
of curvature oscillations, higher than the background GR value. Systems where curvature oscillations with large
amplitude are induced have been found in our work [9].
The fourth order equations (2.29) or (2.31), which govern the evolution of the density perturbations, demonstrate
a very rich pattern of different types of instabilities. There is a close analogue of parametric resonance, which is
easy to describe theoretically, almost in the same way as the usual parametric resonance. However, in addition to
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FIG. 14. Evolution of δ̺/̺ in parametric resonance region induced by the spike-like solution with y0 = 30, Ω2/Ω = 0.5. The
initial value of metric perturbation is taken as δB(0) ≡ z(0) = 10−3.
this we found a new kind of instability induced by negative signs of the coefficients in front of the odd derivatives
in the equation – we dub it the antifriction instability. Interestingly this instability generates a completely different
behaviour of the rising perturbations, depending upon the values of the system parameters. There can be an oscillating
behaviour with quickly rising amplitude, or a quasi-explosive one with amplitude tending monotonically to infinity.
Of course these results are reliable only if perturbations are sufficiently small, not larger than unity when written in
dimensionless form.
We have studied (2.29) analytically and numerically, solving for the perturbation in the space-space metric term.
Based on these solutions, one can calculate the evolution of the relative density contrast using (2.32). Barring
accidental cancellations, exponentially growing solutions for z will lead to an equivalent behaviour for the density
perturbation δ̺, as shows in Fig. 14 in the case of parametric resonance induced by the spiky solution with moderately
large amplitude y0 = 30.
We can see that in a relatively short time, about 103ω−1, the density perturbation would reach unity if the initial
metric perturbations are about 10−3. The effective time can be much shorter than the gravitational time typical for
the Jeans-type rise of density perturbations, since ω is usually large. Though the density contrast is an oscillating
function of time, its impact on structure formation may be non-negligible and should lead to constraints on the
parameters of the underlying F (R)-theory. This will be studied elsewhere.
Another potentially interesting effect of the oscillating rise of curvature perturbations is the generation of curvature
propagation around contracting bodies, i.e. a scalar mode for gravitational waves having mass equal to ω, which may
vary from practically zero up to the scalaron mass m. They may lead to a considerable loss of energy of the collapsing
objects.
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Appendix A: Metric and Curvature
As we did previously, we consider a spherically symmetric cloud of matter with initially constant energy density
inside the limit radius r = rm. We choose Schwarzschild-like isotropic coordinates in which the metric takes the form:
ds2 = Adt2 −B δij dxidxj , (A1)
where the functions A and B may depend upon r and t. The corresponding Christoffel symbols are:
γttt =
A˙
2A
, γtjt =
∂jA
2A
, γjtt =
δjk∂kA
2B
, γtjk =
δjkB˙
2A
,
γkjt =
δkj B˙
2B
, γklj =
1
2B
(δkl ∂jB + δ
k
j ∂lB − δljδkn∂nB) . (A2)
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For the Ricci tensor, including terms quadratic in Γ’s, we obtain:
Rtt =
∆A
2B
− 3B¨
2B
+
3B˙2
4B2
+
3A˙B˙
4AB
+
∂jA∂jB
4B2
− ∂
jA∂jA
4AB
, (A3)
Rtj = −∂jB˙
B
+
B˙∂jB
B2
+
B˙∂jA
2AB
, (A4)
Rij = δij
(
B¨
2A
− ∆B
2B
+
B˙2
4AB
− A˙B˙
4A2
− ∂
kA∂kB
4AB
+
∂kB∂kB
4B2
)
− ∂i∂jA
2A
− ∂i∂jB
2B
+
∂iA∂jA
4A2
+
3∂iB∂jB
4B2
+
∂iA∂jB + ∂jA∂iB
4AB
. (A5)
Here and in what follows the upper space indices are raised with the Kronecker delta, ∂jA = δjk∂kA.
The corresponding curvature scalar is:
R =
∆A
AB
− 3B¨
AB
+
2∆B
B2
+
3A˙B˙
2A2B
− ∂
jA∂jA
2A2B
− 3∂
jB∂jB
2B3
+
∂jA∂jB
2AB2
. (A6)
Let us now present the expressions for the Einstein tensor Gµν = Rµν − 1/2 gµνR:
Gtt = −A∆B
B2
+
3B˙2
4B2
+
3A∂jB∂jB
4B3
, (A7)
Gtj = Rtj , (A8)
Gij = δij
(
∆A
2A
+
∆B
2B
− B¨
A
+
B˙2
4AB
+
A˙B˙
2A2
− ∂
kA∂kA
4A2
− ∂
kB∂kB
2B2
)
− ∂i∂jA
2A
− ∂i∂jB
2B
+
∂iA∂jA
4A2
+
3∂iB∂jB
4B2
+
∂iA∂jB + ∂jA∂iB
4AB
. (A9)
The energy-momentum tensor is taken in the perfect fluid form without dissipative corrections:
Tµν = (̺+ P )UµUν − Pgµν , (A10)
where ̺ and P are respectively the energy density and pressure of the fluid and the four-velocity is:
Uµ =
dxµ
ds
and Uµ = gµαU
α . (A11)
We assume that the three-velocity vj = dxj/dt is small and thus neglect terms quadratic in v. Correspondingly,
Uj = − Bvj√
A
√
1− (B/A)vjvj
≈ −Bvj√
A
. (A12)
According to our definition vj = v
j . From the condition
1 = gµνUµUν =
1
A
U2t −
1
B
δkjUkUj ≈ 1
A
U2t (A13)
we find Ut ≈
√
A. Now we can write:
Ttt = (̺+ P )U
2
t − PA ≈ ̺A , (A14)
Tjt = (̺+ P )UtUj ≈ −(̺+ P )Bvj , (A15)
Tij = (̺+ P )UiUj − Pgij ≈ PBδij . (A16)
Background metric for spherically symmetric distribution of matter (an analog of the Schwarzschild solution for
modified gravity) has been found in several works. We use here the form for the internal solution obtained in our
paper [13] (references to other papers can be found there):
Bb(r, t) = 1 +
2M(r, t)
m2Plr
≡ 1 +B(Sch)1 , (A17)
Ab(r, t) = 1 +
Rb(t) r
2
6
+A
(Sch)
1 (r, t) , (A18)
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where
M(r, t) =
∫ r
0
d3r T00(r, t) = 4π
∫ r
0
dr r2 T00(r, t) , (A19)
A
(Sch)
1 (r, t) =
rgr
2
2r3m
− 3rg
2rm
+
π ¨̺m
3m2Pl
(r2m − r2)2 , (A20)
and rg = 2M/m
2
Pl with M being the total mass of the object under scrutiny.
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